Albrecht Dürer's mysterious engraving Melencolia I (Fig. 1 ) has always intrigued both art critics and mathematicians. Among art critics, according to Campbell Dodgson [3] , "The literature on Melancholia is more extensive than on any other engraving by Dürer" (he adds "that statement would probably remain true if the last two words were omitted"). Mathematicians, if disconcerted by the association between mathematics and melancholy, have been fascinated by the objects appearing in the print, such as the polyhedron occurring on the left of the engraving and-the subject of this note-the magic square in the upper right-hand corner (Fig. 2) . This 4 × 4 square contains the numbers 1 to 16 arranged so that not only do the rows, columns, and diagonals sum to the same number 34, but so do many other regular sets of four numbers: Pickover ([4] , p.21) describes 26 such patterns. In this note I will explain these patterns, and find 26 more, by considering the array as a four-dimensional 2 × 2 × 2 × 2 hypercube rather than a two-dimensional 4 × 4 square.
If we subtract 1 from each number in the square, we have the numbers 0 to 15, which all have binary expansions of four digits: thus the entry in row r and column s can be written Moreover, the row and column numbers r and s both have two-digit binary expansions: r = 2i + j, s = 2k + l with i, j, k, l = 0 or 1. Thus the matrices (1) can be seen as 2 × 2 × 2 × 2 hypermatrices a ijkl , b ijkl , c ijkl and d ijkl . Their entries can be simply expressed in terms of i, j, k and l:
where ⊕ denotes addition modulo 2.
We can now prove the magic square properties analytically. The sum of the numbers in row ij of the square is
(the signs here denote addition in the integers, not in Z 2 ); hence R ij = 2(8 + 4 + 2 + 1) + 4 = 34.
Similarly the sum of the numbers in column kl is
But there is complete symmetry between i, j, k and l, so we also have
Thus there are 16 more sets of four numbers, each summing to 34. In the 4 × 4 square, the four sets S ik are the four 2 × 2 squares forming the four quarters of the square (Fig. 3C) ; the four sets S il are the sets of corners of the four 3 × 3 subsquares (Fig. 3D) ; and the eight sets T il and T jk are the corners of the rectangles shown in Figs. 3E and 3F . What about the diagonals of the 4 × 4 square, which also sum to 34? Well, in each of the sets that we have seen so far, the four numbers occupy a square in the four-dimensional space of points with coordinates (i, j, k, l).
(Since we are only considering coordinates with the values 0 and 1, we can consider our points as the vertices of a hypercube in R 4 , or (more profitably) as the whole of the space Z 4 2 , a four-dimensional vector space over the field with two elements). The set S 00 , for example, consists of the points on the hypercube with i = 0, k = 0, i.e. lying in the jl coordinate plane, which intersects the hypercube in a square. The other sets S ik lie in planes parallel to this coordinate plane. In the same way, each of the above 24 sets forms a square parallel to one of the six coordinate planes. But there are other planes, not parallel to the coordinate planes, which also intersect the hypercube in a square. Such a plane is given by two linear equations over the binary field Z 2 . For example, the plane
contains the four points (i, i, k, k) with i, k = 0, 1. The sum of the corresponding numbers is
The same argument applies to the parallel planes i ⊕ j = p, k ⊕ l = q for p.q = 0, 1; and to the two other sets of four parallel planes
Together, these give another 12 sets of four numbers which sum to 34. They are shown in Fig. 3G-I . Finally, there are four more sets of four parallel planes:
The resulting 16 sets with sum 34 are shown in Fig. 3J -M.
Altogether there are 86 four-element subsets of {1, . . . , 16} with sum 34. We have found that 52 of them correspond to two-dimensional subspaces of the four-dimensional space Z 4 2 . The remaining subsets, which include the four kite shapes described in the Wikipedia article [1], do not arise in this way. There are 34 of them. Fig. 3 . Each of these figures shows a partition of the 4 × 4 square into four subsets X pq (p, q = 0, 1), such that in Dürer's magic square the numbers in each subset sum to 34. The cells in X 00 are marked with •, those in X 01 with , those in X 10 with , and those in X 11 with .
